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In the article, using Taylor’s formula for functions of several variables, the
author establishes some inequalities for the weighted multiple integral of a
function defined on an m-dimensional rectangle, if its partial derivatives of
Ž .n 1 th order remain between bounds. Using this result, Iyengar’s inequality is
generalized and related results in references could be deduced.  2001 Academic
Press
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1. MAIN RESULTS
Ž . Ž . mFor given points a a , . . . , a , b b , . . . , b  and a  b ,1 m 1 m i i
i 1, 2, . . . , m, denote the m-rectangles by
m m
 Q  a , b , Q t  a , c t , 1Ž . Ž . Ž .Ł Łm i i m i i
i1 i1
Ž . Ž .  where c t  1 t a  tb , i 1, 2, . . . , m, t 0, 1 .i i i
Ž .Let   , . . . ,  be a multi-index; that is,   integer 0, with1 m i
  m Ý  . Let f be a function of several variables defined on Q , andi1 i m
Ž .its partial derivatives of n 1 th order remain between the upper and
Ž . Ž .lower bounds M  and N  asn1 n1
N  	D f x 	M  , xQ , 2Ž . Ž . Ž . Ž .n1 n1 m
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where we define
m
 n1  iD f x   f x  x . 3Ž . Ž . Ž .Ł i
i1
Ž .Let w x  0 be an integrable function of several variables defined on
the m-rectangle Q , which is not identically zero for xQ . Definem m
m
 ih t  w x x  s dx , 4Ž . Ž . Ž . Ž .ŁHs ,  i i
Ž .Q t i1m
Ž . m  where s s , s , . . . , s  , t 0, 1 .1 2 m
In this article, using Taylor’s formula for functions with several vari-
ables, we obtain some inequalities for a weighted multiple integral
Ž . Ž . Ž .H w x f x dx with weight w x  0 on the m-rectangle Q in terms ofQ mm
the values of the partial derivatives of the function f at points a and b and
Ž . Ž .  Ž .the bounds M  and N  of D f x . That isn1 n1
n1Ž . Ž .  Ž . Ž .MAIN THEOREM. Let f C Q and N  	D f x 	M m n1 n1
  Ž . Ž .hold for any xQ and   n 1, where M  and N  arem n1 n1
Ž .constants depending on n and . Let w x be an integrable function of se
eral
Ž .
ariables o
er Q , which is not identically zero. Then, for any t 0, 1 ,m
Ž .i if n is e
en, we ha
e
M  h 1 N  h t N Ž . Ž . Ž . Ž . Ž .n1 b ,  n1 b ,  n1 h tŽ .Ý Ý a , m mŁ  ! Ł  !Ž . Ž .i1 i i1 i   n1 n1
n D f aŽ .
	 w x f x dx h tŽ . Ž . Ž .Ý ÝH a , mŁ  !Ž .Q i1 im k0  k
n D f bŽ .
 h 1  h tŽ . Ž .Ý Ý b ,  b , mŁ  !Ž .i1 ik0  k
N  h 1 M  h tŽ . Ž . Ž . Ž .n1 b ,  n1 b , 	 Ý mŁ  !Ž .i1 i n1
M Ž .n1 h t ; 5Ž . Ž .Ý a , mŁ  !Ž .i1 i n1
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Ž .ii if n is odd,
N  h 1 M  h t N Ž . Ž . Ž . Ž . Ž .n1 b ,  n1 b ,  n1 h tŽ .Ý Ý a , m mŁ  ! Ł  !Ž . Ž .i1 i i1 i   n1 n1
n D f aŽ .
	 w x f x dx h tŽ . Ž . Ž .Ý ÝH a , mŁ  !Ž .Q i1 im k0  k
n D f bŽ .
 h 1  h tŽ . Ž .Ý Ý b ,  b , mŁ  !Ž .i1 ik0  k
M  h 1 N  h tŽ . Ž . Ž . Ž .n1 b ,  n1 b , 	 Ý mŁ  !Ž .i1 i n1
M Ž .n1 h t . 6Ž . Ž .Ý a , mŁ  !Ž .i1 i n1
2. PROOF OF MAIN THEOREM
Ž .Let t 0, 1 be a parameter, and write
w x f x dx w x f x dx w x f x dx . 7Ž . Ž . Ž . Ž . Ž . Ž . Ž .H H H
Ž . Ž .Q Q t Q Q tm m m m
The well-known Taylor’s formula for a multivariable function states that
kn m1 
f x  x  a f a  R x , 8Ž . Ž . Ž . Ž . Ž .Ý Ý i i nž /k!  xik0 i1
kn m1 
f x  x  b f b  r x , 9Ž . Ž . Ž . Ž . Ž .Ý Ý i i nž /k!  xik0 i1
where
n1m1 
R x  x  a f a  x a ,Ž . Ž . Ž .Ž .Ýn i iž /n 1 !  xŽ . ii1
 0, 1 , 10Ž . Ž .
n1m1 
r x  x  b f b  x b ,Ž . Ž . Ž .Ž .Ýn i iž /n 1 !  xŽ . ii1
 0, 1 . 11Ž . Ž .
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Since
k m m iqi
q  k! , 12Ž .Ý Ý Łiž /  !i1 ii1  k
Ž . Ž . Ž .using 10 and integrating on both sides of 8 over Q t gives usm
w x f x dxŽ . Ž .H
Ž .Q tm
 w x R x dxŽ . Ž .H n
Ž .Q tm
kn m1 
 w x x  a f a dxŽ . Ž . Ž .Ý ÝH i iž /k!  xŽ .Q t imk0 i1
 in m1 
 w x x  a f a dxŽ . Ž . Ž .Ý Ý ŁH i im ž /Ł  !  xŽ . Ž .Q t i1i1 i imk0  k
 im1 
 w x x  aŽ . Ž .Ý ŁH i im ž /Ł  !  xŽ . Ž .Q t i1i1 i im n1
f a  x a dxŽ .Ž .
n k m1  f aŽ .  i w x x  a dxŽ . Ž .Ý Ý ŁH i im m  iŁ  ! Ł  xŽ . Ž .Q t i1i1 i i1 i mk0  k
m1  i w x x  aŽ . Ž .Ý ŁH i imŁ  !Ž . Ž .Q t i1i1 i m n1
 n1 f a  x aŽ .Ž .
 dxm  iŁ  xi1 i
n D f aŽ .
 h tŽ .Ý Ý a , mŁ  !Ž .i1 ik0  k
m1  i w x x  aŽ . Ž .Ý ŁH i imŁ  !Ž . Ž .Q t i1i1 i m n1
D f a  x a dx . 13Ž . Ž .Ž .
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Ž .Using inequality 2 and computing directory yields
N Ž .n1
h tŽ .Ý a , mŁ  !Ž .i1 i n1
m1  i	 w x x  aŽ . Ž .Ý ŁH i imŁ  !Ž . Ž .Q t i1i1 i m n1
D f a  x a dxŽ .Ž .
M Ž .n1	 h t . 14Ž . Ž .Ý a , mŁ  !Ž .i1 i n1
Ž . Ž .The combination of 13 and 14 leads to
N Ž .n1
h tŽ .Ý a , mŁ  !Ž .i1 i n1
n D f aŽ .
	 w x f x dx h tŽ . Ž . Ž .Ý ÝH a , mŁ  !Ž .Ž .Q t i1 im k0  k
M Ž .n1	 h t . 15Ž . Ž .Ý a , mŁ  !Ž .i1 i n1
Ž . Ž . Ž . Ž .Using 10 and 11 and integrating 9 on the domain Q Q t , wem m
arrive at
w x f x dxŽ . Ž .H
Ž .Q Q tm m
kn m1 
 w x x  b f b dxŽ . Ž . Ž .Ý ÝH i iž /k!  xŽ .Q Q t im mk0 i1
 r x dxŽ .H n
Ž .Q Q tm m
 in m1 
 w x x  b f b dxŽ . Ž . Ž .Ý Ý ŁH i im ž /Ł  !  xŽ . Q i1i1 i imk0  k
 in m1 
 w x x  b f b dxŽ . Ž . Ž .Ý Ý ŁH i im ž /Ł  !  xŽ . Ž .Q t i1i1 i imk0  k
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 im1 
 w t x  bŽ . Ž .Ý ŁH i im ž /Ł  !  xŽ . Q i1i1 i im n1
f b  x b dxŽ .Ž .
 im1 
 w t x  bŽ . Ž .Ý ŁH i im ž /Ł  !  xŽ . Ž .Q t i1i1 i im n1
f b  x b dxŽ .Ž .
n D f bŽ .
 h 1  h tŽ . Ž .Ý Ý b ,  b , mŁ  !Ž .i1 ik0  k
 im1 
 w t x  bŽ . Ž .Ý ŁH i im ž /Ł  !  xŽ . Q i1i1 i im n1
f b  x b dxŽ .Ž .
 im1 
 w t x  bŽ . Ž .Ý ŁH i im ž /Ł  !  xŽ . Ž .Q t i1i1 i im n1
f b  x b dx . 16Ž . Ž .Ž .
Ž .Similar to the deduction of 14 , if n is an odd, we have
N Ž .n1
h tŽ .Ý b , mŁ  !Ž .i1 i n1
 im1 
	 w t x  bŽ . Ž .Ý ŁH i im ž /Ł  !  xŽ . Ž .Q t i1i1 i im n1
 f b  x b dxŽ .Ž .
m1  i w x x  bŽ . Ž .Ý ŁH i imŁ  !Ž . Ž .Q t i1i1 i m n1
D f b  x b dxŽ .Ž .
M Ž .n1	 h t . 17Ž . Ž .Ý b , mŁ  !Ž .i1 i n1
Ž . Ž .If n is even, the reversed inequalities in 17 hold. Note that Q 1 Q .m m
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Ž . Ž .Substituting 17 into 16 we have that, if n is an odd number, then
N  h 1 M  h tŽ . Ž . Ž . Ž .n1 b ,  n1 b , Ý mŁ  !Ž .i1 i n1
n D f bŽ .
	 w x f x dx h 1 h tŽ . Ž . Ž . Ž .Ý ÝH b ,  b , mŁ  !Ž .Ž .Q Q t i1 im m k0  k
M  h 1 N  h tŽ . Ž . Ž . Ž .n1 b ,  n1 b , 	 . 18Ž .Ý mŁ  !Ž .i1 i n1
Ž .If n is an even number, then the inequalities in 18 are reversed.
Ž . Ž .By addition of inequalities 15 and 18 , the main theorem is proved.
Remark 1. It is noted that we can also consider the similar estimates
Ž . Ž .for the weighted multiple integral H w x f x dx on the m-dimensionalQ m
  Ž  . mball centered at a with radius b a . That is, Q  B b a , a, b .m a
Remark 2. In the main theorem, if we take m 1, we can obtain the
  Ž .results in 14 ; if we set m 1 and w x  1, then we get the results in
  Ž .  12 ; if we let w x  1, we have the results in 13 . In particular, if we take
Ž .  w x  1, m 1, and n 0, the Iyengar inequality 6 is deduced, which
  Žhas been generalized by many mathematicians in 15, 8, 11, 15 also see
 .7, 9, 10 .
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